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WHEN IS GROUP COHOMOLOGY FINITARY?
MARTIN HAMILTON
Abstrat. If G is a group, then we say that the funtorHn(G,−)
is nitary if it ommutes with all ltered olimit systems of oef-
ient modules. We investigate groups with ohomology almost
everywhere nitary ; that is, groups with nth ohomology funtors
nitary for all suiently large n. We establish suient ondi-
tions for a group G possessing a nite dimensional model for EG
to have ohomology almost everywhere nitary. We also prove a
stronger result for the sublass of groups of nite virtual ohomo-
logial dimension, and use this to answer a question of Leary and
Nuinkis. Finally, we show that if G is a loally (polyyli-by-
nite) group, then G has ohomology almost everywhere nitary
if and only if G has nite virtual ohomologial dimension and
the normalizer of every non-trivial nite subgroup of G is nitely
generated.
1. Introdution
Let G be a group and n ∈ N. The nth ohomology of G is a funtor
Hn(G,−) := ExtnZG(Z,−)
from the ategory of ZG-modules to the ategory of Z-modules, and
we say that it is nitary if it ommutes with all ltered olimit systems
of oeient modules (see 3.18 in [1℄; also 6.5 in [14℄).
Brown [4℄ has haraterised groups of type FP∞ in terms of nitary
funtors (see also results of Bieri, Theorem 1.3 in [2℄):
Proposition 1.1. A group G is of type FP∞ if and only if H
n(G,−)
is nitary for all n.
It seems natural, therefore, to onsider groups whose nth ohomology
funtors are nitary for almost all n. We say that suh a group has
ohomology almost everywhere nitary.
In this paper, we shall investigate groups with ohomology almost
everywhere nitary. We begin with the lass of loally (polyyli-by-
nite) groups, and in 3 we prove the following:
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Theorem A. Let G be a loally (polyyli-by-nite) group. Then G
has ohomology almost everywhere nitary if and only if G has nite
virtual ohomologial dimension and the normalizer of every non-trivial
nite subgroup of G is nitely generated.
If G is a loally (polyyli-by-nite) group with ohomology almost
everywhere nitary, then a result of Kropholler (Theorem 2.1 in [10℄)
shows that G has a nite dimensional model for the lassifying spae
EG for proper ations and, furthermore, that there is a bound on the
orders of the nite subgroups of G (see 5 of [13℄ for a brief explanation
of the lassifying spae EG). In 9 we prove the following Lemma:
Lemma 1.2. Let G be a loally (polyyli-by-nite) group. Then the
following are equivalent:
(i) There is a nite dimensional model for EG, and there is a
bound on the orders of the nite subgroups of G;
(ii) G has nite virtual ohomologial dimension; and
(iii) There is a nite dimensional model for EG, and G has nitely
many onjugay lasses of nite subgroups.
Therefore, we an redue our study to those groups G whih have
nite virtual ohomologial dimension. We then have the following
short exat sequene:
N ֌ G։ Q,
where N is a torsion-free, loally (polyyli-by-nite) group of nite
ohomologial dimension, and Q is a nite group. Hene, in order to
prove Theorem A, we must onsider three ases. The rst ase is when
G is torsion-free. In this ase, G has nite ohomologial dimension,
so Hn(G,−) = 0, and hene is nitary, for all suiently large n. The
next simplest ase, when G is the diret produt N × Q is treated in
2, and the general ase is then proved in 3.
Now, if G is any group with ohomology almost everywhere nitary,
and H is a subgroup of G of nite index, then it is always true that
H also has ohomology almost everywhere nitary (see Lemma 2.1
below). However, in the ase of loally (polyyli-by-nite) groups we
an say muh more than this:
Corollary B. Let G be a loally (polyyli-by-nite) group. If G has
ohomology almost everywhere nitary, then every subgroup of G also
has ohomology almost everywhere nitary.
This is not true in general, however, as an been seen from Proposi-
tion 4.1 below.
Next, we onsider the lass of elementary amenable groups, and prove
the following in 5:
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Proposition C. Let G be an elementary amenable group with ohomol-
ogy almost everywhere nitary. Then G has nitely many onjugay
lasses of nite subgroups, and CG(E) is nitely generated for every
E ≤ G of order p.
In 6 we investigate the lass of groups of nite virtual ohomologial
dimension. In this setion we work over a ring R of prime harateristi
p, instead of over Z, by dening the nth ohomology of a group G as
Hn(G,−) := ExtnRG(R,−).
In order to make it lear that we are now working over R, we say that
Hn(G,−) is nitary over R if and only if the funtor ExtnRG(R,−) is
nitary. We have an analogue of Proposition 1.1, haraterising the
groups of type FP∞ over R as those with nth ohomology funtors
nitary over R for all n. We an similarly dene the notion of a group
having ohomology almost everywhere nitary over R, and we prove
the following result:
Theorem D. Let G be a group of nite virtual ohomologial dimen-
sion, and R be a ring of prime harateristi p. Then the following are
equivalent:
(i) G has ohomology almost everywhere nitary over R;
(ii) G has nitely many onjugay lasses of elementary abelian p-
subgroups and the normalizer of every non-trivial elementary
abelian p-subgroup of G is of type FP∞ over R; and
(iii) G has nitely many onjugay lasses of elementary abelian p-
subgroups and the normalizer of every non-trivial elementary
abelian p-subgroup of G has ohomology almost everywhere ni-
tary over R.
We then adapt the proof of Theorem D slightly, and in 7 we use it
to prove the following result, whih answers a question of Leary and
Nuinkis (Question 1 in [13℄):
Theorem E. Let G be a group of type VFP over Fp, and P be a p-
subgroup of G. Then the entralizer CG(P ) of P is also of type VFP
over Fp.
Finally, in 8 we return to working over Z, and onsider the lass of
groups whih possess a nite dimensional model for EG. We prove the
following:
Proposition F. Let G be a group whih possesses a nite dimensional
model for the lassifying spae EG for proper ations. If
(i) G has nitely many onjugay lasses of nite subgroups; and
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(ii) The normalizer of every non-trivial nite subgroup of G has
ohomology almost everywhere nitary,
Then G has ohomology almost everywhere nitary.
However, the onverse of this result is false, and we shall exhibit
ounter-examples in 8 by using a theorem of Leary (Theorem 20 in
[12℄). These ounter-examples show that the onverse of Proposition F
is false even for the sublass of groups of nite virtual ohomologial
dimension.
1.1. Aknowledgements. I would like to thank my researh supervi-
sor Peter Kropholler for all of his advie and support throughout this
projet. I would also like to thank Ian Leary for useful disussions
onerning the onverse of Proposition F, and for suggesting that my
results ould be used to prove Theorem E.
2. The Diret Produt Case of Theorem A
Suppose thatG = N×Q, whereN is a torsion-free, loally (polyyli-
by-nite) group of nite ohomologial dimension, and Q is a non-
trivial nite group. We wish to show that G has ohomology almost
everywhere nitary if and only if the normalizer of every non-trivial -
nite subgroup of G is nitely generated. Now, if F is a non-trivial nite
subgroup of G, then F must be a subgroup of Q, and so N is a sub-
group of NG(F ) of nite index. Hene, NG(F ) is nitely generated if
and only if N is. It is therefore enough to prove that G has ohomology
almost everywhere nitary if and only if N is nitely generated.
We begin by assuming that N is nitely generated. Therefore N is
polyyli-by-nite, and hene of type FP∞ (Examples 2.6 in [2℄). The
property of type FP∞ is inherited by supergroups of nite index, so G
is also of type FP∞. Therefore, by Proposition 1.1, we see that G has
ohomology almost everywhere nitary.
For the onverse, we shall prove a more general result whih does not
plae any restritions on the group N . Firstly, we need the following
three lemmas:
Lemma 2.1. Let G be a group, and H be a subgroup of nite index.
If Hn(G,−) is nitary, then Hn(H,−) is also nitary.
Proof. Suppose thatHn(G,−) is nitary. From Shapiro's Lemma (Propo-
sition 6.2 III in [5℄), we have:
Hn(H,−) ∼= Hn(G,CoindGH −).
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Then, as H has nite index in G, it follows from Lemma 6.3.4 in [19℄
that CoindGH(−)
∼= IndGH(−). Therefore,
Hn(H,−) ∼= Hn(G, IndGH −)
∼= Hn(G,−⊗ZH ZG),
and as tensor produts ommute with ltered olimits, we see that
Hn(H,−) is the omposite of two nitary funtors, and hene is itself
nitary. 
Lemma 2.2. Let G be a group, and R1 → R2 be a ring homomorphism.
If Hn(G,−) is nitary over R1, then H
n(G,−) is nitary over R2.
Proof. We see from Chapter 0 of [2℄ that for any R2G-module M we
have the following isomorphism:
ExtnR2G(R2,M)
∼= ExtnR1G(R1,M),
whereM is viewed as an R1G-module via the homomorphismR1 → R2.
The result now follows. 
Lemma 2.3. Let F1, F2 : ModR → ModS, and suppose that F is the
diret sum of F1 and F2. If F is nitary, then so are F1 and F2.
Proof. As F is the diret sum of F1 and F2, we have the following exat
sequene of funtors:
0→ F1 → F → F2 → 0.
Let (Mλ) be a ltered olimit system of R-modules. We have the
following ommutative diagram with exat rows:
lim
−→λ
F1(Mλ) // //
f1

lim
−→λ
F (Mλ) // //
f

lim
−→λ
F2(Mλ)
f2

F1(lim−→λ
Mλ) // // F (lim−→λ
Mλ) // // F2(lim−→λ
Mλ)
As F is nitary, we see that the map f is an isomorphism. It then
follows from the Snake Lemma that f1 is a monomorphism and f2 is
an epimorphism.
Now, as F is the diret sum of F1 and F2, we also have the following
exat sequene of funtors:
0→ F2 → F → F1 → 0,
and hene the following ommutative diagram with exat rows:
lim
−→λ
F2(Mλ) // //
f2

lim
−→λ
F (Mλ) // //
f

lim
−→λ
F1(Mλ)
f1

F2(lim−→λ
Mλ) // // F (lim−→λ
Mλ) // // F1(lim−→λ
Mλ)
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and a similar argument to above shows that f2 is a monomorphism and
f1 is an epimorphism. The result now follows. 
Proposition 2.4. Let Q be a non-trivial nite group, and N be any
group. If there is some natural number k suh that Hk(N × Q,−) is
nitary, then N is nitely generated.
Proof. Suppose that Hk(N × Q,−) is nitary. As Q is a non-trivial
nite group, we an hoose a subgroup E of Q of order p, for some
prime p, so N × E is a subgroup of N × Q of nite index. It then
follows from Lemma 2.1 that Hk(N × E,−) is also nitary. Then, by
Lemma 2.2, we see that Hk(N × E,−) is nitary over Fp.
Let M be any FpN-module, and Fp be the trivial FpE-module. Ap-
plying the Künneth Theorem gives the following isomorphism:
Hk(N × E,M) ∼=
⊕
i+j=kH
i(N,M)⊗Fp H
j(E,Fp)
∼=
⊕k
i=0H
i(N,M),
and as this holds for any FpN-module M , we have an isomorphism of
funtors for modules on whih E ats trivially. Then, as Hk(N×E,−)
is nitary over Fp, it follows from Lemma 2.3 that H
0(N,−) is also
nitary over Fp. It then follows that N is nitely generated (see, for
example, Proposition 2.1 in [2℄).

The onverse of the diret produt ase now follows immediately.
3. Proof of Theorem A
Let G be a loally (polyyli-by-nite) group of nite virtual o-
homologial dimension. We begin with the following useful result of
Cornik and Kropholler (Theorem A in [7℄):
Proposition 3.1. Let G be a group possessing a nite dimensional
model for EG, and M be an RG-module. Then M has nite projetive
dimension over RG if and only if M has nite projetive dimension
over RH for all nite subgroups H of G.
Theorem 3.2. Let G be a loally (polyyli-by-nite) group of nite
virtual ohomologial dimension. If G has ohomology almost every-
where nitary, then the normalizer of every non-trivial nite subgroup
of G is nitely generated.
Proof. Let F be a non-trivial nite subgroup of G, so we an hoose a
subgroup E of F of order p, for some prime p. As G has nite virtual
ohomologial dimension, it has a torsion-free normal subgroup N of
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nite index. Let H := NE, so it follows from Lemma 2.1 that H has
ohomology almost everywhere nitary.
Let Λ denote the set of non-trivial nite subgroups ofH , so Λ onsists
of subgroups of order p. Now H ats on this set by onjugation, so the
stabilizer of any K ∈ Λ is NH(K). Also, for eah K ∈ Λ, we see that
the set of K-xed points ΛK is simply the set {K}, beause if K xed
some K ′ 6= K, then KK ′ would be a subgroup of H of order p2, whih
is a ontradition.
We have the following short exat sequene:
J ֌ ZΛ
ε
։ Z,
where ε denotes the augmentation map. For eah K ∈ Λ, we see that J
is free as a ZK-module with basis {K ′ −K : K ′ ∈ Λ}. Now, as H has
nite virtual ohomologial dimension, it has a nite dimensional model
for EH (Exerise VIII.3 in [5℄), and so it follows from Proposition
3.1 that J has nite projetive dimension over ZH . Now, the short
exat sequene J ֌ ZΛ ։ Z gives rise to a long exat sequene
in ohomology, and as J has nite projetive dimension, we onlude
that for all suiently large n we have the following isomorphism:
Hn(H,−) ∼= ExtnZH(ZΛ,−).
Next, as H ats on Λ, we an split Λ up into its H-orbits, so
Λ =
∐
K∈C
HK\H =
∐
K∈C
NH(K)\H,
where K runs through a set C of representatives of onjugay lasses of
non-trivial nite subgroups ofH . This gives the following isomorphism:
Hn(H,−) ∼=
∏
K∈C Ext
n
ZH(Z[NH(K)\H ],−)
∼=
∏
K∈C H
n(NH(K),−),
where the last isomorphism follows from the EkmannShapiro Lemma.
Therefore, if Hn(H,−) is nitary, it follows from Lemma 2.3 that
Hn(NH(E),−) is also nitary. Hene, as H has ohomology almost
everywhere nitary, we onlude that NH(E) also has ohomology al-
most everywhere nitary.
Now, as E is a nite group,
|NH(E) : CH(E)| <∞,
and so by Lemma 2.1 we see that
CH(E) ∼= E × CN(E)
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has ohomology almost everywhere nitary. It then follows from Propo-
sition 2.4 that CN(E) is nitely generated, and hene polyyli-by-
nite.
Now, as E ≤ F , it follows that CN(F ) ≤ CN(E) and as every
subgroup of a polyyli-by-nite group is nitely generated, we see
that CN(F ) is nitely generated.
Finally, as N is a subgroup of G of nite index, it follows that
|CG(F ) : CN(F )| <∞,
and so CG(F ) is nitely generated. Hene NG(F ) is nitely generated,
as required.

In the remainder of this setion we shall prove the onverse. Firstly,
we need the following denition from [11℄:
Denition 3.3. Let G be a group, and let Λ(G) denote the poset
of the non-trivial nite subgroups of G. We an view this poset as
a G-simpliial omplex, whih we shall denote by |Λ(G)|, by the fol-
lowing method: An n-simplex in |Λ(G)| is determined by eah stritly
inreasing hain
H0 < H1 < · · · < Hn
of n + 1 non-trivial nite subgroups of G. The ation of G on the set
of non-trivial nite subgroups indues an ation of G on |Λ(G)|, so
that the stabilizer of a simplex is an intersetion of normalizers; in the
ase of the simplex determined by the hain of subgroups above, the
stabilizer is
n⋂
i=0
NG(Hi).
This omplex has the property that, for any non-trivial nite subgroup
K of G, the K-xed point omplex |Λ(G)|K is ontratible (for a proof
of this, see Lemma 2.1 in [11℄).
Next, we need the following two results of Kropholler and Mislin:
Proposition 3.4. Let Y be a G-CW-omplex of nite dimension n.
Then Y an be embedded into an n-dimensional G-CW-omplex Y˜
whih is (n − 1)-onneted in suh a way that G ats freely outside
Y .
Proof. This is Lemma 4.4 of [11℄. We an take Y˜ to be the n-skeleton
of the join
Y ∗G ∗ · · · ∗G︸ ︷︷ ︸
n
.
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
Proposition 3.5. Let Y be an n-dimensional G-CW-omplex whih is
(n− 1)-onneted, for some n ≥ 0. Suppose that Y K is ontratible for
all non-trivial nite subgroups K of G. Then the nth redued homology
group H˜n(Y ) is projetive as a ZK-module for all nite subgroups K
of G.
Proof. This is Proposition 6.2 of [11℄. 
Finally, we require the following two lemmas:
Lemma 3.6. Let
0→ F1 → F → F2 → 0
be an exat sequene of funtors from ModR to ModS. If F1 and F2
are nitary, then so is F .
Proof. Let (Mλ) be a ltered olimit system of R-modules. We have
the following ommutative diagram:
0 // lim−→λ
F1(Mλ) //
f1

lim
−→λ
F (Mλ) //
f

lim
−→λ
F2(Mλ) //
f2

0
0 // F1(lim−→λ
Mλ) // F (lim−→λ
Mλ) // F2(lim−→λ
Mλ) // 0
Now, as F1 and F2 are nitary, the maps f1 and f2 are isomorphisms.
It then follows from the Five Lemma that f is an isomorphism, and we
onlude that F is nitary.

Lemma 3.7. Let G be a group. If we have an exat sequene of ZG-
modules
0→ Ar → Ar−1 → · · · → A0 → Z→ 0
suh that, for eah i = 0, . . . , r, the funtor Ext∗ZG(Ai,−) is nitary in
all suiently high dimensions, then G has ohomology almost every-
where nitary.
Proof. If r = 0, then the result follows immediately. Assume, therefore,
that r ≥ 1, and proeed by indution.
If r = 1, then we have the short exat sequene
A1֌ A0 ։ Z
whih gives the following long exat sequene:
· · · → ExtjZG(A0,−)→ Ext
j
ZG(A1,−)→ H
j+1(G,−)→
→ Extj+1ZG (A0,−)→ Ext
j+1
ZG (A1,−)→ · · ·
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and as both Ext∗ZG(A0,−) and Ext
∗
ZG(A1,−) are nitary in all su-
iently high dimensions, it follows from the Five Lemma that G has
ohomology almost everywhere nitary.
Now suppose that we have shown this for r − 1, and that we have
an exat sequene
0→ Ar → Ar−1 → · · · → A0 → Z→ 0
suh that, for eah i = 0, . . . , r, the funtor Ext∗ZG(Ai,−) is nitary in
all suiently high dimensions. Let K := Ker(Ar−2 → Ar−3), so we
have the short exat sequene
Ar ֌ Ar−1 ։ K,
and an argument similar to above shows that Ext∗ZG(K,−) is nitary
in all suiently high dimensions. We then have the following exat
sequene:
0→ K → Ar−2 → · · · → A0 → Z→ 0,
and the result now follows by indution.

Finally, we an now prove the onverse:
Theorem 3.8. Let G be a loally (polyyli-by-nite) group of nite
virtual ohomologial dimension. If the normalizer of every non-trivial
nite subgroup of G is nitely generated, then G has ohomology almost
everywhere nitary.
Proof. Let Λ(G) be the poset of all non-trivial nite subgroups of G,
and let |Λ(G)| denote its realization as a G-simpliial omplex. As
G has nite virtual ohomologial dimension, there is a bound on the
orders of its nite subgroups, and so |Λ(G)| is nite-dimensional, say
dim |Λ(G)| = r. From Proposition 3.4, we an embed |Λ(G)| into an
r-dimensional G-CW-omplex Y whih is (r− 1)-onneted, suh that
G ats freely outside |Λ(G)|. Consider the augmented ellular hain
omplex of Y . As Y is (r − 1)-onneted, it has trivial homology
exept in dimension r, and so we have the following exat sequene:
0→ H˜r(Y )→ Cr(Y )→ · · · → C0(Y )→ Z→ 0.
In order to show that G has ohomology almost everywhere nitary,
it is enough by Lemma 3.7 to show that the funtors Ext∗ZG(H˜r(Y ),−)
and Ext∗ZG(Cl(Y ),−), 0 ≤ l ≤ r, are nitary in all suiently high
dimensions.
Firstly, notie that for every non-trivial nite subgroup K of G,
Y K = |Λ(G)|K , as the opies of G that we have added in the onstru-
tion of Y have free orbits, and so have no xed points under K. Thus,
WHEN IS GROUP COHOMOLOGY FINITARY? 11
Y is an r-dimensional G-CW-omplex whih is (r− 1)-onneted, suh
that Y K is ontratible for every non-trivial nite subgroup K of G.
It then follows from Proposition 3.5 that H˜r(Y ) is projetive as a ZK-
module for all nite subgroupsK ofG. Then by Proposition 3.1, H˜r(Y )
has nite projetive dimension over ZG, and so ExtnZG(H˜r(Y ),−) = 0,
and thus is nitary, for all suiently large n.
Next, for eah 0 ≤ l ≤ r, onsider the funtor Ext∗ZG(Cl(Y ),−).
Provided that n ≥ 1, we see that
ExtnZG(Cl(Y ),−)
∼= ExtnZG(Cl(|Λ(G)|),−)
as the opies of G that we have added in the onstrution of Y have
free orbits, and so the free-abelian group on them is a free module.
Now,
ExtnZG(Cl(|Λ(G)|),−)
∼= ExtnZG(Z|Λ(G)|l,−),
where |Λ(G)|l onsists of all the l-simpliies
K0 < K1 < · · · < Kl
in |Λ(G)|. As G ats on |Λ(G)|l, we an therefore split |Λ(G)|l up into
its G-orbits, where the stabilizer of suh a simplex is
⋂l
i=0NG(Ki). We
then obtain the following isomorphism:
ExtnZG(Z|Λ(G)|l,−)
∼= ExtnZG(Z[
∐
C
⋂l
i=0NG(Ki)\G],−)
∼=
∏
C
ExtnZG(Z[
⋂l
i=0NG(Ki)\G],−)
∼=
∏
C
Hn(
⋂l
i=0NG(Ki),−),
where the produt is taken over a set C of representatives of onjugay
lasses of non-trivial nite subgroups of G. Now, as G has nite virtual
ohomologial dimension, it follows from Lemma 1.2 that there are only
nitely many onjugay lasses of nite subgroups, and so this produt
is nite.
Now, for eah l-simplex K0 < · · · < Kl we have
l⋂
i=0
NG(Ki) ≤ NG(Kl).
Then, as NG(Kl) is nitely generated, it follows that
⋂l
i=0NG(Ki) is
also nitely generated, and hene polyyli-by-nite.
Therefore,
⋂l
i=0NG(Ki) is of type FP∞, and so by Proposition 1.1,
Hn(
⋂l
i=0NG(Ki),−) is nitary. Thus Ext
n
ZG(Cl(Y ),−) is isomorphi to
a nite produt of nitary funtors, and hene by Lemma 3.6 is nitary.
As this holds for all n ≥ 1, we see that Ext∗ZG(Cl(Y ),−) is nitary in
all suiently high dimensions, whih ompletes the proof. 
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4. Proof of Corollary B
Corollary B. Let G be a loally (polyyli-by-nite) group. If G has
ohomology almost everywhere nitary, then every subgroup of G also
has ohomology almost everywhere nitary.
Proof. As G has ohomology almost everywhere nitary, it follows from
Theorem A that G has nite virtual ohomologial dimension and the
normalizer of every non-trivial nite subgroup ofG is nitely generated.
Let H be any subgroup of G, so
vcdH ≤ vcdG <∞.
Also, let F be a non-trivial nite subgroup ofH . Then NG(F ) is nitely
generated, hene polyyli-by-nite, and as
NH(F ) ≤ NG(F ),
we see that NH(F ) is also nitely generated. Therefore, we onlude
from Theorem A that H has ohomology almost everywhere nitary.

This result does not hold in general, however, as the following propo-
sition shows:
Proposition 4.1. Let G be a group of type FP∞ whih has an innitely
generated subgroup H, and let Q be a non-trivial nite group. Then
G×Q has ohomology almost everywhere nitary, but H×Q does not.
Proof. As G is of type FP∞, it follows that G×Q is also of type FP∞,
and so has ohomology almost everywhere nitary. However, as H is
innitely generated, it follows from Proposition 2.4 that Hn(H×Q,−)
is not nitary for any n. 
Remark 4.2. Let G be the free group on two generators x, y, so G
is of type FP∞ (Example 2.6 in [2℄), and let H be the subgroup of
G generated by ynxy−n for all n. We then have a ounter-example
showing that Corollary B does not hold in general.
5. A Result on Elementary Amenable Groups
Proposition C. Let G be an elementary amenable group with ohomol-
ogy almost everywhere nitary. Then G has nitely many onjugay
lasses of nite subgroups, and CG(E) is nitely generated for every
E ≤ G of order p.
Proof. Let G be an elementary amenable group with ohomology al-
most everywhere nitary. Kropholler's Theorem (Theorem 2.1 in [10℄)
applies to a large lass of groups, whih inludes all elementary amenable
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groups. This theorem implies that G has a nite dimensional model
for EG, and that G has a bound on the orders of its nite subgroups.
The proof of Lemma 1.2 generalizes immediately to the elementary
amenable ase, and we onlude that G has nitely many onjugay
lasses of nite subgroups, and furthermore that G has nite virtual o-
homologial dimension. Therefore, we an hoose a torsion-free normal
subgroup N of G of nite index.
Let E be any subgroup of G of order p, and let H := NE. Following
the proof of Theorem 3.2, we see that NH(E) has ohomology almost
everywhere nitary. Hene,
CH(E) ∼= E × CN(E)
also has ohomology almost everywhere nitary, and so by Proposition
2.4 we see that CN(E) is nitely generated. The result now follows. 
6. Generalization to Groups of Finite Virtual
Cohomologial Dimension
In this setion, we shall prove Theorem D. It sues to show this for
the ase R = Fp, by the following lemma:
Lemma 6.1. Let G be a group, and R be a ring of prime harateristi
p. Then Hn(G,−) is nitary over R if and only if Hn(G,−) is nitary
over Fp.
Proof. If Hn(G,−) is nitary over Fp, then it follows from Lemma 2.2
that Hn(G,−) is nitary over R.
Conversely, suppose that Hn(G,−) is nitary over R; that is, the
funtor ExtnRG(R,−) is nitary. Let (Mλ) be a ltered olimit system
of FpG-modules. Then (Mλ ⊗Fp R) is a ltered olimit system of RG-
modules, and so the natural map
lim
−→
λ
ExtnRG(R,Mλ ⊗Fp R)→ Ext
n
RG(R, lim−→
λ
Mλ ⊗Fp R)
is an isomorphism. Now, as an Fp-vetor spae, R ∼= Fp ⊕ V for some
Fp-vetor spae V . Therefore, for eah λ,
Mλ ⊗Fp R
∼= Mλ ⊕Mλ ⊗Fp V,
and so
ExtnRG(R,Mλ ⊗Fp R)
∼= ExtnRG(R,Mλ)⊕ Ext
n
RG(R,Mλ ⊗Fp V ).
It then follows from Lemma 2.3 that the natural map
lim
−→
λ
ExtnRG(R,Mλ)→ Ext
n
RG(R, lim−→
λ
Mλ)
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is an isomorphism. Now, we see from Chapter 0 of [2℄ that
ExtnRG(R,−)
∼= ExtnFpG(Fp,−)
on FpG-modules, so therefore it follows that the natural map
lim
−→
λ
ExtnFpG(Fp,Mλ)→ Ext
n
FpG
(Fp, lim−→
λ
Mλ)
is an isomorphism, and hene that Hn(G,−) is nitary over Fp. 
6.1. Proof of (i) ⇒ (ii).
Let G be a group of nite virtual ohomologial dimension with
ohomology almost everywhere nitary over Fp. We begin by showing
that the normalizer of every non-trivial elementary abelian p-subgroup
of G is of type FP∞ over Fp. In fat, we shall show that the normalizer
of every non-trivial nite p-subgroup of G is of type FP∞ over Fp.
Lemma 6.2. Let N be any group, and Q be a non-trivial nite group
whose order is divisible by p. If N × Q has ohomology almost every-
where nitary over Fp, then N ×Q is of type FP∞ over Fp.
Proof. Suppose that N ×Q is not of type FP∞ over Fp, so N is not of
type FP∞ over Fp. Therefore, there is some n suh that H
n(N,−) is
not nitary over Fp.
Let E be a subgroup of Q of order p, so by an argument similar
to the proof of Proposition 2.4 we obtain, for eah m, the following
isomorphism of funtors:
Hm(N × E,−) ∼=
m⊕
i=0
H i(N,−),
for modules on whih E ats trivially.
As Hn(N,−) is not nitary over Fp, it follows from Lemma 2.3 that
Hm(N × E,−) is not nitary over Fp for all m ≥ n. Therefore, by an
easy generalization of Lemma 2.1, we see that Hm(N × Q,−) is not
nitary over Fp for all m ≥ n, whih is a ontradition. 
Lemma 6.3. Let G be a group of nite virtual ohomologial dimension
with ohomology almost everywhere nitary over Fp, and let E be a
subgroup of order p. Then the normalizer NG(E) of E is of type FP∞
over Fp.
Proof. As G has nite virtual ohomologial dimension, we an hoose
a torsion-free normal subgroup N of nite index. Let H := NE. A
slight variation on the proof of Theorem 3.2 shows that NH(E) has
ohomology almost everywhere nitary over Fp. Therefore,
CH(E) ∼= E × CN(E)
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has ohomology almost everywhere nitary over Fp, and by Lemma
6.2, we see that CH(E) is of type FP∞ over Fp. Thus, NG(E) is of type
FP∞ over Fp, as required.

Theorem 6.4. Let G be a group of nite virtual ohomologial dimen-
sion with ohomology almost everywhere nitary over Fp, and let F be
a non-trivial nite p-subgroup. Then the normalizer NG(F ) of F is of
type FP∞ over Fp.
Proof. Suppose that F has order pk, where k ≥ 1. We proeed by
indution on k.
If k = 1, then the result follows from Lemma 6.3.
Suppose now that k ≥ 2. As the entre ζ(F ) of F is non-trivial,
we an hoose a subgroup E ≤ ζ(F ) of order p. Then CG(E) is of
type FP∞ over Fp by Lemma 6.3, and Proposition 2.7 in [2℄ shows that
CG(E)/E is also of type FP∞ over Fp. By indution, the normalizer of
F/E in CG(E)/E, whih is
(NG(F ) ∩ CG(E))/E,
is of type FP∞ over Fp. Another appliation of Proposition 2.7 in [2℄
shows that NG(F ) ∩ CG(E) is of type FP∞ over Fp, and as
CG(F ) ≤ NG(F ) ∩ CG(E) ≤ NG(F ),
we see that NG(F ) is of type FP∞ over Fp.

Next, we shall show that G has nitely many onjugay lasses of
elementary abelian p-subgroups. Firstly, we need the following lemma:
Lemma 6.5. Let G be a group. If Hn(G,−) is nitary over Fp, then
Hn(G,Fp) is nite-dimensional as an Fp-vetor spae.
Proof. Suppose that Hn(G,Fp) is innite-dimensional as an Fp-vetor
spae. By the Universal Coeient Theorem, we have the following
isomorphism:
Hn(G,Fp) ∼= HomFp(Hn(G,Fp),Fp).
Hene Hn(G,Fp) is also innite-dimensional as an Fp-vetor spae, with
basis {ei : i ∈ I}, say. We then have:
Hn(G,Fp) ∼=
∏
I
Fp.
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Next, let
⊕
J Fp be an innite diret sum of opies of Fp. AsH
n(G,−)
is nitary over Fp, the natural map⊕
J
Hn(G,Fp)→ H
n(G,
⊕
J
Fp)
is an isomorphism; that is,⊕
J
∏
I
Fp ∼=
∏
I
⊕
J
Fp,
whih is learly a ontradition. 
Next, reall the following denition from [8℄:
Denition 6.6. A homomorphism φ : A→ B of Fp-algebras is alled
a uniform F -isomorphism if and only if there exists a natural number
n suh that:
• If x ∈ Kerφ, then xp
n
= 0; and
• If y ∈ B, then yp
n
is in the image of φ.
We also have the following result of Henn (Theorem A.4 in [8℄):
Proposition 6.7. If G is a disrete group suh that there exists a nite-
dimensional ontratible G-CW-omplexX with all ell stabilizers nite
of bounded order, then there exists a uniform F -isomorphism
φ : H∗(G,Fp)→ limAp(G)op H
∗(E,Fp),
where Ap(G) denotes the ategory with objets the elementary abelian
p-subgroups E of G, and morphisms the group homomorphisms whih
an be indued by onjugation by an element of G.
Finally, we an prove the following proposition, whih is a general-
ization of a result of Henn (Theorem A.8 in [8℄):
Proposition 6.8. Let G be a group of nite virtual ohomologial di-
mension with ohomology almost everywhere nitary over Fp. Then G
has nitely many onjugay lasses of elementary abelian p-subgroups.
Proof. As G has nite virtual ohomologial dimension, there is a -
nite dimensional model, say X , for the lassifying spae EG for proper
ations (Exerise VIII.3 in [5℄). Thus, X is a nite dimensional on-
tratibleG-CW-omplex with all ell stabilizers nite of bounded order,
so it follows from Proposition 6.7 that there is a uniform F -isomorphism
φ : H∗(G,Fp)→ limAp(G)op H
∗(E,Fp).
Now assume that there are innitely many onjugay lasses of elemen-
tary abelian p-subgroups of G. As the order of the nite subgroups is
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bounded, this means that there must be innitely many maximal el-
ementary abelian p-subgroups of G of the same rank k (although k
itself need not neessarily be maximal). Following Henn's argument,
we an use this fat to onstrut innitely many linearly independent
non-nilpotent lasses in the inverse limit in some degree (for the de-
tails, see the proof of Theorem A.8 in [8℄). Now, raising these to a large
enough power and using the fat that φ is a uniform F -isomorphism,
we see that H∗(G,Fp) is innite-dimensional as an Fp-vetor spae in
some degree m suh that Hm(G,−) is nitary over Fp. This gives a
ontradition to Lemma 6.5.

6.2. Proof of (ii) ⇒ (iii).
This is immediate.
6.3. Proof of (iii) ⇒ (i).
Let G be a group of nite virtual ohomologial dimension, suh
that G has nitely many onjugay lasses of elementary abelian p-
subgroups and the normalizer of every non-trivial elementary abelian
p-subgroup of G has ohomology almost everywhere nitary over Fp.
We shall show that G has ohomology almost everywhere nitary over
Fp.
Firstly, let Ap(G) denote the poset of all the non-trivial elementary
abelian p-subgroups of G, and let Sp(G) denote the poset of all the
non-trivial nite p-subgroups of G. We see from Remark 2.3(i) in [17℄
that the inlusion of posets Ap(G) →֒ Sp(G) indues a G-homotopy
equivalene
|Ap(G)| ≃G |Sp(G)|
between the G-simpliial omplexes.
Next, we need the following result (Proposition 2.7 II in [3℄):
Proposition 6.9. Let X and Y be G-CW-omplexes, and φ : X → Y
be a G-equivariant ellular map. Then φ is a G-homotopy equivalene if
and only if φH : XH → Y H is a homotopy equivalene for all subgroups
H of G.
We an now prove the following key lemma:
Lemma 6.10. The omplex |Ap(G)|
E
is ontratible for all E ∈ Ap(G).
Proof. We follow an argument similar to the proof of Lemma 2.1 in
[11℄:
If H ∈ Sp(G)
E
, then EH is a p-subgroup of G. We an therefore
dene a funtion
f : Sp(G)
E → Sp(G)
E
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by f(H) = EH , so for all H ∈ Sp(G)
E
we have:
H ≤ f(H) ≥ E.
We then see that Sp(G)
E
is onially ontratible in the sense of Quillen
(see 1.5 in [15℄), whih implies that |Sp(G)
E | is ontratible by Quillen's
argument. Finally, by Proposition 6.9, we see that
|Ap(G)|
E ≃ |Sp(G)|
E = |Sp(G)
E|,
and the result now follows.

Finally, we an now prove the following:
Theorem 6.11. Let G be a group of nite virtual ohomologial dimen-
sion. If G has nitely many onjugay lasses of elementary abelian
p-subgroups, and the normalizer of every non-trivial elementary abelian
p-subgroup of G has ohomology almost everywhere nitary over Fp,
then G has ohomology almost everywhere nitary over Fp.
Proof. Let Ap(G) be the poset of all non-trivial elementary abelian p-
subgroups of G, and let |Ap(G)| denote its realization as a G-simpliial
omplex. As G has nitely many onjugay lasses of elementary
abelian p-subgroups, there must be a bound on their orders, and so
|Ap(G)| is nite-dimensional, say dim |Ap(G)| = r. By Proposition
3.4, we an embed |Ap(G)| into an r-dimensional G-CW-omplex Y
whih is (r − 1)-onneted, suh that G ats freely outside |Ap(G)|.
The augmented ellular hain omplex of Y then gives the following
exat sequene of ZG-modules:
0→ H˜r(Y )→ Cr(Y )→ · · · → C0(Y )→ Z→ 0,
whih gives the following exat sequene of FpG-modules:
0→ H˜r(Y )⊗ Fp → Cr(Y )⊗ Fp → · · · → C0(Y )⊗ Fp → Fp → 0.
In order to show that G has ohomology almost everywhere nitary
over Fp, it is enough by an easy generalization of Lemma 3.7 to show
that the funtors Ext∗FpG(H˜r(Y ) ⊗ Fp,−) and Ext
∗
FpG
(Cl(Y ) ⊗ Fp,−),
0 ≤ l ≤ r, are nitary in all suiently high dimensions.
Firstly, notie that for every E ∈ Ap(G), Y
E = |Ap(G)|
E
, and hene
is ontratible, as the opies of G we have added in the onstrution
of Y have free orbits, and so have no xed points under E. Therefore,
an easy generalization of Proposition 3.5 shows that H˜r(Y ) ⊗ Fp is
projetive as an FpE-module for all elementary abelian p-subgroups E
of G.
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Let K be a nite subgroup of G, so H˜r(Y )⊗Fp restrited to K is an
FpK-module with the property that its restrition to every elementary
abelian p-subgroup ofK is projetive. It then follows from Chouinard's
Theorem [6℄ that H˜r(Y )⊗ Fp is projetive as an FpK-module. As this
holds for every nite subgroup K of G, it then follows from Proposition
3.1 that H˜r(Y ) ⊗ Fp has nite projetive dimension over FpG. Hene
ExtnFpG(H˜r(Y )⊗Fp,−) = 0, and thus is nitary, for all suiently large
n.
Next, for eah 0 ≤ l ≤ r, onsider the funtor Ext∗FpG(Cl(Y )⊗Fp,−).
Provided that n ≥ 1, we see that
ExtnFpG(Cl(Y )⊗ Fp,−)
∼= ExtnFpG(Cl(|Ap(G)|)⊗ Fp,−)
∼= ExtnFpG(Fp|Ap(G)|l,−),
where |Ap(G)|l onsists of all the l-simpliies
E0 < E1 < · · · < El
in |Ap(G)|. As G ats on |Ap(G)|l, we an therefore split |Ap(G)|l up
into its G-orbits, where the stabilizer of suh a simplex is
⋂l
i=0NG(Ei).
We then obtain the following isomorphism:
ExtnFpG(Fp|Ap(G)|l,−)
∼= ExtnFpG(Fp[
∐
C
⋂l
i=0NG(Ei)\G],−)
∼=
∏
C
ExtnFpG(Fp[
⋂l
i=0NG(Ei)\G],−)
∼=
∏
C
Hn(
⋂l
i=0NG(Ei),−),
where the produt is taken over a set C of representatives of onjugay
lasses of non-trivial elementary abelian p-subgroups of G. As we are
assuming that G has only nitely many suh onjugay lasses, this
produt is nite.
Now, for eah l-simplex E0 < E1 < · · · < El we have
CG(El) ≤
l⋂
i=0
NG(Ei) ≤ NG(El),
and so
|NG(El) :
l⋂
i=0
NG(Ei)| <∞.
Then, as NG(El) has ohomology almost everywhere nitary over Fp,
we see from an easy generalization of Lemma 2.1 that
⋂l
i=0NG(Ei) has
ohomology almost everywhere nitary over Fp, and so for all su-
iently large n, Hn(
⋂l
i=0NG(Ei),−) is nitary over Fp. Therefore, for
all suiently large n, ExtnFpG(Cl(Y )⊗ Fp,−) is isomorphi to a nite
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produt of nitary funtors, and hene is nitary, whih ompletes the
proof. 
7. A Question of Leary and Nuinkis
In [13℄, Leary and Nuinkis posed the following question: If G is
a group of type VFP over Fp, and P is a p-subgroup of G, is the
entralizer CG(P ) of P neessarily of type VFP over Fp?
In this setion, we shall give a positive answer to this question.
Firstly, reall (see 2 of [13℄) that a group G is said to be of type
VFP over Fp if and only if it has a subgroup of nite index whih is of
type FP over Fp.
Proposition 7.1. Let G be a group whih has a subgroup H of nite
index with cdFp H <∞. Then there exists a nite dimensional G-CW-
omplex X with nite ell stabilizers suh that
0→ Cr(X)⊗ Fp → · · · → C0(X)⊗ Fp → Fp → 0
is an exat sequene of FpG-modules.
Proof. As cdFp H <∞, it follows from an easy generalization of Theo-
rem 7.1 VIII in [5℄ that there exists a nite dimensional free H-CW-
omplex X ′ with the property that C˜∗(X
′)⊗ Fp is exat. Set
X := HomH(G,X
′).
An easy generalization of the proof of Theorem 3.1 VIII in [5℄ then
shows that X has the required properties. 
Next, we prove the following key lemma, whih is a variation on
Proposition 3.1:
Lemma 7.2. Let G be a group of type VFP over Fp, and M be an FpG-
module. If M is projetive as an FpK-module for all nite subgroups
K of G, then M has nite projetive dimension over FpG.
Proof. As G is of type VFP over Fp, we see from Proposition 7.1 that
there exists a nite-dimensional G-CW-omplex X with nite ell sta-
bilizers, suh that
0→ Cr(X)⊗ Fp → · · · → C0(X)⊗ Fp → Fp → 0
is exat. Now, for eah k, Ck(X) is a permutation module,
Ck(X) ∼=
⊕
σ∈Σk
Z[Gσ\G],
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where Σk is a set of G-orbit representatives of k-ells in X , and Gσ is
the stabilizer of σ. If we tensor the above exat sequene with M , then
we obtain the following:
0→ M ⊗Fp (Cr(X)⊗ Fp)→ · · · →M ⊗Fp (C0(X)⊗ Fp)→M → 0,
where, for eah k, we have
M ⊗Fp (Ck(X)⊗ Fp)
∼=
⊕
σ∈Σk
M ⊗FpGσ FpG.
Now, as M is projetive as an FpGσ-module, we see that M ⊗FpGσ FpG
is projetive as an FpG-module. Therefore, M ⊗Fp (Ck(X) ⊗ Fp) is
projetive as an FpG-module, and so the above exat sequene is a
projetive resolution of M , and we then onlude that M has nite
projetive dimension over FpG. 
We an now answer Leary and Nuinkis' question in the ase where
P has order p. This is a variation on Lemma 6.3:
Proposition 7.3. Let G be a group of type VFP over Fp, and let P be
a subgroup of G of order p. Then CG(P ) is of type VFP over Fp.
Proof. As G is of type VFP over Fp, we an hoose a normal subgroup
N of nite index whih is of type FP over Fp. Let H := NP , so H is
of type VFP over Fp.
Next, let Ap(H) denote the set of all non-trivial elementary abelian
p-subgroups of H , so Ap(H) onsists of subgroups of order p. Now H
ats on this set by onjugation, so the stabilizer of any E ∈ Ap(H) is
simply NH(E). Also, for eah E ∈ Ap(H), we see that the set of E-
xed points Ap(H)
E
is simply the set {E}. We then have the following
short exat sequene of FpH-modules:
J ֌ FpAp(H)
ε
։ Fp,
where ε denotes the augmentation map, and we see that for eah E ∈
Ap(H), J is free as an FpE-module with basis {E
′−E : E ′ ∈ Ap(H)}.
Therefore, ifK is any nite subgroup ofH , we see that J restrited toK
is an FpK-module suh that its restrition to every elementary abelian
p-subgroup of K is free. It then follows from Chouinard's Theorem
[6℄ that J is projetive as an FpK-module. As this holds for every
nite subgroup K of H , it follows from Lemma 7.2 that J has nite
projetive dimension over FpH .
An argument similar to the proof of Theorem 3.2 then shows that
NH(P ) has ohomology almost everywhere nitary over Fp. Hene,
CH(P ) ∼= P × CN(P )
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has ohomology almost everywhere nitary over Fp, and by Lemma
6.2, CN(P ) is of type FP∞ over Fp. Finally, as
cdFp CN(P ) ≤ cdFp N <∞,
we see that CN(P ) is of type FP over Fp, and the result now follows. 
We an now answer Leary and Nuinkis' question. This is a variation
on Theorem 6.4:
Theorem E. Let G be a group of type VFP over Fp, and P be a p-
subgroup of G. Then the entralizer CG(P ) of P is also of type VFP
over Fp.
Proof. If P is trivial, then the result is immediate. Assume, therefore,
that P has order pk, where k ≥ 1. We proeed by indution on k:
If k = 1, then the result follows from Proposition 7.3.
Suppose now that k ≥ 2. Choose a subgroup E ≤ ζ(P ) of order p.
Then CG(E) is of type VFP over Fp by Proposition 7.3, and so CG(E)
has a normal subgroup N of nite index whih is of type FP over Fp.
Let H := NE. Then CG(E)/E has the subgroup H/E of nite index,
with H/E ∼= N of type FP over Fp, and so CG(E)/E is of type VFP
over Fp. By indution, the entralizer of P/E in CG(E)/E is of type
VFP over Fp. Hene the normalizer of P/E in CG(E)/E, whih is
(NG(P ) ∩ CG(E))/E,
is of type FP∞ over Fp, and by Proposition 2.7 in [2℄ we see that
NG(P ) ∩ CG(E) is of type FP∞ over Fp. Then, as
CG(P ) ≤ NG(P ) ∩ CG(E) ≤ NG(P ),
we onlude that CG(P ) is also of type FP∞ over Fp.
Now, as G is of type VFP over Fp, it has a subgroup S of nite index
whih is of type FP over Fp. Therefore, CS(P ) is of type FP∞ over Fp,
and as
cdFp CS(P ) ≤ cdFp S <∞,
we see that CS(P ) is of type FP over Fp, and the result now follows. 
8. Groups Possessing a Finite Dimensional Model for EG
In this short setion we onsider groups possessing a nite dimen-
sional model for the lassifying spae EG for proper ations. The proof
of Theorem 3.8 generalizes immediately to give us the following:
Proposition F. Let G be a group whih possesses a nite dimensional
model for the lassifying spae EG for proper ations. If
(i) G has nitely many onjugay lasses of nite subgroups; and
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(ii) The normalizer of every non-trivial nite subgroup of G has
ohomology almost everywhere nitary,
Then G has ohomology almost everywhere nitary.
However, the onverse is false. In fat, it is false even for the sublass
of groups of nite virtual ohomologial dimension, as we shall now
show. We need the following result of Leary (Theorem 20 in [12℄):
Proposition 8.1. Let Q be a nite group not of prime power order.
Then there is a group H of type F and a group G = H ⋊ Q suh that
G ontains innitely many onjugay lasses of subgroups isomorphi
to Q and nitely many onjugay lasses of other nite subgroups.
As H is of type F, it has a nite EilenbergMa Lane spae, say Y .
As the universal over Y˜ of Y is ontratible, its augmented ellular
hain omplex is an exat sequene of ZH-modules:
0→ Cn(Y˜ )→ · · · → C0(Y˜ )→ Z→ 0,
and as Y has only nitely many ells in eah dimension, we see that
eah Ck(Y˜ ) is nitely generated.
Hene, we see that H has nite ohomologial dimension, and is
of type FP∞. Therefore, G is a group of nite virtual ohomologial
dimension whih is of type FP∞, and hene has ohomology almost ev-
erywhere nitary, but G does not have nitely many onjugay lasses
of nite subgroups, whih gives us a ounter-example to the onverse
of Proposition F above.
9. Proof of Lemma 1.2
9.1. Proof of (i) ⇒ (ii).
Proposition 9.1. Let G be a loally (polyyli-by-nite) group suh
that there is a nite dimensional model for EG and there is a bound
on the orders of the nite subgroups of G. Then G has nite virtual
ohomologial dimension.
Proof. Let X be a nite dimensional model for EG, and let r = dimX .
Then, for eah k, Ck(X) is a permutation module,
Ck(X) ∼=
⊕
σ∈Σk
Z[Gσ\G],
where Σk is a set of G-orbit representatives of k-ells in X , and Gσ is
the stabilizer of σ, so in partiular eah Gσ is nite. Then
Ck(X)⊗Q ∼=
⊕
σ∈Σk
Q⊗QGσ QG,
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and as QGσ is semisimple, Q is a projetive QGσ-module. Hene,
Q⊗QGσQG is a projetive QG-module, and so Ck(X)⊗Q is a projetive
QG-module. We then have that
0→ Cr(X)⊗Q→ · · · → C0(X)⊗Q→ Q→ 0
is a projetive resolution of the trivial QG-module, and hene that G
has nite rational ohomologial dimension.
Now, aording to Hillman and Linnell [9℄, the Hirsh length of an
elementary amenable group is bounded above by its rational ohomo-
logial dimension, so we onlude that G has nite Hirsh length.
Next, let τ(G) denote the unique largest loally nite normal sub-
group of G. As there is a bound on the orders of the nite subgroups
of G, we see that τ(G) must be nite.
Then, asG is an elementary amenable group of nite Hirsh length, it
follows from a result of Wehrfritz [18℄ that G/τ(G) has a poly-(torsion-
free abelian) harateristi subgroup of nite index. Hene, G has
a poly-(torsion-free abelian) harateristi subgroup, say S, of nite
index. We see that S has nite Hirsh length, and hene nite o-
homologial dimension. We then onlude that G has nite virtual
ohomologial dimension, as required. 
9.2. Proof of (ii) ⇒ (iii).
We begin by proving the following lemma:
Lemma 9.2. Let Q be a nite group, and A be a Z-torsion-free ZQ-
module of nite Hirsh length. Then H1(Q,A) is nite.
Proof. As Q is nite, H1(Q,A) has exponent dividing the order of Q
(Corollary 10.2 III in [5℄). We have the following short exat sequene:
A
|Q|
֌ A
pi
։ A/|Q|A.
Passing to the long exat sequene in ohomology, we obtain the fol-
lowing monomorphism:
H1(Q,A)
pi∗
֌ H1(Q,A/|Q|A).
Now, as A/|Q|A has nite exponent and nite Hirsh length, it is nite.
It then follows that H1(Q,A) is nite. 
Next, note that all groups of nite virtual ohomologial dimension
possess a nite dimensional model for EG (Exerise VIII.3 in [5℄), so
it sues to prove the following:
Proposition 9.3. Let G be a loally (polyyli-by-nite) group of -
nite virtual ohomologial dimension. Then G has nitely many on-
jugay lasses of nite subgroups.
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Proof. As G has nite virtual ohomologial dimension, it must have
a bound on the orders of its nite subgroups. Therefore, the same
argument as in the previous subsetion shows that G is a poly-(torsion-
free abelian)-by-nite group of nite Hirsh length. We proeed by
indution on the Hirsh length h(G) of G.
If h(G)=1, then G has a torsion-free abelian normal subgroup A
of nite Hirsh length suh that G/A = Q is nite. There is a 1-1
orrespondene between the onjugay lasses of omplements to A in
G and H1(Q,A) (Result 11.1.3 in [16℄). Therefore, by Lemma 9.2, we
see that G has nitely many onjugay lasses of nite subgroups.
Suppose h(G) > 1. We know that G has a torsion-free abelian
normal subgroup A of nite Hirsh length. As h(G) > h(G/A), we
see by indution that G/A has nitely many onjugay lasses of nite
subgroups. Let F be a nite subgroup of G, so AF lies in one of nitely
many onjugay lasses, say those represented by AK1, . . . , AKm. Then,
as eah H1(Ki, A) is nite, there are only nitely many onjugay
lasses of omplements to A in AKi, and F must lie in one of those.

9.3. Proof of (iii) ⇒ (i).
Let G be a group with nitely many onjugay lasses of nite sub-
groups. Then it is lear that there must be a bound on the orders of
its nite subgroups.
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